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Abstract
A (k; d)-edge coloring (k; d∈N; k¿ 2d) of a graph G is an assignment c of colors {0; 1; : : : ; k − 1} to the edges of
G such that d6 |c(ei)− c(ej)|6 k − d whenever two edges ei and ej are adjacent. The circular chromatic index 
′c(G)
is de5ned by 
′c(G) = inf{k=d : G has a (k; d)-edge coloring}. We prove several properties of 
′c(G) and determine exact
values for some classes of graphs.
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1. Introduction
A k-edge coloring of a simple graph G is an assignment of k colors to the edges of G such that adjacent edges are colored
di?erently. The minimum number k for which a graph G admits a k-edge coloring is the chromatic index 
′(G) of G.
In this note we consider a re5nement of the chromatic index which contains more information about the structure of
the graph G.
Let G be a graph and k; d with k¿ 2d positive integers (k¿d if the maximum degree (G)6 1). Then a (k; d)-edge
coloring of G is an assignment c of colors {0; 1; : : : ; k−1} to the edges of G such that d6 |c(ei)−c(ej)|6 k−d whenever
two edges ei and ej are adjacent. The circular chromatic index 
′c(G) of G is de5ned as the in5mum of fractions k=d for
all (k; d)-edge colorings of G:

′c(G) = inf{k=d : G has a (k; d)-edge coloring}:
Obviously, a (k; 1)-edge coloring is a k-edge coloring of G. This implies 
′c(G)6 

′(G).
The notation for this kind of coloring is motivated by the following interpretation:
Let C be a circle of euclidean perimeter r. An r-circular edge coloring of a graph G is an assignment c′ of open unit
length arcs of C to the edges of G such that c′(ei)∩ c′(ej)= ∅ whenever two edges ei and ej are adjacent. With this, the
circular chromatic index can also be de5ned as the in5mum of r for all r-circular edge colorings of G.
The equivalence of these de5nitions can be seen as follows:
Let c be a (k; d)-edge coloring of G and let c′ be a mapping from E(G) to a circle of length k=d which assigns the
open interval (c(e)=d; c(e)=d+ 1) to each edge e∈E(G). Then each interval has unit length and the intervals of adjacent
edges do not overlap. Therefore, every (k; d)-edge coloring of G induces a k=d-circular edge coloring.
On the other hand, if c′ is a k=d-circular edge coloring then let c(e) = 	c′i (e)d
 where c′i (e) is the clockwise initial
point of the interval c′(e) and 	x
 denotes the integer part of x. This implies d6 |c(ei)− c(ej)|6 k − d for every two
adjacent edges ei and ej .
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In this note we prove some basic properties of the circular chromatic index. For example, we show that the in5mum
in the de5nition of 
′c(G) can be replaced by the minimum and that (G)6 

′
c(G)6(G) + 1 for every graph G.
Moreover, we determine 
′c(G) for cycles, complete graphs and for the Petersen graph.
It turns out that in proofs of speci5c properties it is sometimes more convenient to use the de5nition in terms of
(k; d)-edge colorings instead of r-circular edge colorings, and vice versa.
The concept of (k; d)-vertex colorings was introduced by Vince [3]. Some properties and results about the circular
chromatic number (sometimes also called star chromatic number) 
c(G) of graphs G can be found in [1–3,6,7], for
example. Moser [2] considered the circular chromatic number of line graphs and asked in particular which rational
numbers can be attained.
In many cases the methods which are used to prove the results on (k; d)-vertex colorings can be adapted to prove
similar results for (k; d)-edge colorings.
2. Basic properties
If G has a k=d-circular edge coloring and k ′=d′¿ k=d then G obviously has a k ′=d′-circular edge coloring. This implies
that every (k; d)-edge colorable graph G has a (k ′; d′)-edge coloring where gcd(k ′; d′) = 1 and k ′=d′ = k=d. With this
observation the following result can be proved (see [1] for the analogous result on vertex colorings):
Theorem 1. If G is a graph on q edges then

′c(G) = min{k=d : G has a (k; d)-edge coloring with k6 q}:
Proof. Consider a (k; d)-edge coloring of a graph G with gcd(k; d) = 1 and assume that k ¿q. Then there exists at least
one color of the set {0; 1; : : : ; k−1} which is not used to color the edges of G. Without loss of generality we may assume
that color d is not used (otherwise permute the colors).
This implies that we can recolor edges of color 2d with color 2d − 1 without violating the condition d6 |c(ei) −
c(ej)|6 k − d for adjacent edges ei and ej . In this manner we can successively recolor edges of color ld with color
ld− 1 for l= 2; 3; : : : ; x where x is the minimum positive integer such that xd ≡ 1 (mod k). Since k and d are coprime
integers such an x exists. We arrive in a (k; d)-edge coloring c of G without any edge having a color from the set
S = {d; 2d; : : : ; xd}.
Let k ′ = k − x and the coloring c′ be de5ned by c′ : E(G)→ {0; 1; : : : ; k ′ − 1} and c′(e) = c(e)− |{l∈ S : l6 c(e)}|.
We show that c′ is a (k ′; d′)-edge coloring of G where d′ = d− y with y = (xd− 1)=k:
For any two adjacent edges ei and ej we have |c(ei) − c(ej)|¿d. Without loss of generality, let c(ei)¡c(ej). Since
1∈ S we have c(ei); c(ej) = 1. This implies that exactly y of the modulo k reduced colors c(ei); c(ei)+1; : : : ; c(ei)+d−1
belong to S, hence |c′(ei)− c′(ej)|¿d− y= d′. On the other hand, exactly y colors of c(ej); c(ej) + 1; : : : ; c(ej) + d− 1
(modulo k) belong to S. Since |c(ei)− c(ej)|6 k − d we obtain |c′(ei)− c′(ej)|6 k − x − (d− y) = k ′ − d′.
Observe that k ′=d′ ¡k=d since
k ′
d′
=
k − x
d− y =
k(k − x)
d(k − x) + 1 ¡
k
d
:
Therefore, it suKces to consider (k; d)-edge colorings with k6 q and gcd(k; d) = 1 to determine 
′c(G). Since the set
{k=d : G has a (k; d)-edge coloring with gcd(k; d) = 1 and k6 q} is 5nite the in5mum in the de5nition of the circular
chromatic index of G can be replaced by the minimum.
Recall that by Vizing’s theorem [4] 
′(G) = (G) or 
′(G) = (G) + 1 for the chromatic index of an arbitrary graph
G and that graphs with 
′(G) = (G) are called class 1 and with 
′(G) = (G) + 1 class 2, respectively.
From the de5nition of the circular chromatic index it follows that 
′c(G)6 

′(G). We prove equality for class-1 graphs
and 
′(G)− 1¡
′c(G)6 
′(G) for class-2 graphs.
Theorem 2. If G is class 1 then 
′c(G) = (G). If G is class 2 then (G)¡

′
c(G)6(G) + 1.
Proof. Assume that G has a (k; d)-edge coloring with k=d¡(G). By the pigeonhole principle this implies that there
must exist two of (G) pairwise adjacent edges e1; : : : ; e(G), say ei and ej , such that |c(ei) − c(ej)|6 k=(G)¡d
contradicting the de5nition of a (k; d)-edge coloring. Therefore, we obtain k=d¿(G) which implies 
′c(G)=(G) if G is
class 1.
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Assume that G has a (k; d)-edge coloring c with k=d6 
′(G)− 1. Without loss of generality, let gcd(k; d) = 1. De5ne
an edge coloring c′ of G by c′ : E(G) → S = {0; : : : ; 	(k − 1)=d
} and c′(ei) = 	c(ei)=d
. Since |S|6 
′(G) − 1 and
|c′(ei)− c′(ej)|¿ 1 whenever ei and ej are adjacent, c′ is a (
′(G)− 1)-edge coloring contradicting the de5nition of the
chromatic index. Therefore, 
′c(G)¿(G) if G is class 2 which concludes the proof.
For class-2 graphs we can improve the statement of the theorem as follows:
Theorem 3. If G is class 2 then either 
′c(G) = (G) + 1 or
(G) +
1
′(G)
6 
′c(G)6(G) +
′(G)− 1
′(G)
;
where ′(G) is the edge independence number of G.
Proof. In a k=d-circular edge coloring of a graph G on q edges at most ′(G) unit length intervals can pairwise intersect
and therefore k=d¿ q=′(G) which implies d6 k′(G)=q6 ′(G) due to Theorem 1. Hence, (G) + 1=′(G) is a lower
bound for 
′c(G) of class-2 graphs G and (G) + 1− 1=′(G) an upper bound if 
′c(G)¡(G) + 1.
3. Exact values
As mentioned in Chapter 2, 
′c(G)=(G) for all class-1 graphs G. In the following we will determine 

′
c(G) for some
class-2 graphs G.
Theorem 4. If G is an odd cycle C2n+1 then

′c(C2n+1) = 2 +
1
n
:
Proof. Theorem 3 implies 
′c(C2n+1)¿ 2 + 1=n since 
′(C2n+1) = n. We show that C2n+1 has a (2n + 1; n)-edge coloring
(see Fig. 1).
Let e0; e1; : : : ; e2n be the edges of C2n+1 in clockwise order and assign color c(ei) ≡ ni (modulo 2n + 1) to edge ei,
i = 0; 1; : : : ; 2n. Then |c(ei+1) − c(ei)| ≡ n or n + 1 (modulo 2n + 1) if i ¡ 2n and |c(e2n) − c(e0)| = c(e2n) = 2n2 =
(n− 1)(2n+ 1) + n+ 1 ≡ n+ 1 (modulo 2n+ 1).
Obviously, 
′c(C2n+1) equals the circular chromatic number 
c(C2n+1) since C2n+1 is isomorphic to its line graph.
Therefore, the result of Theorem 4 follows from the analogous result for circular vertex colorings (see [3]).
Theorem 5. If G is a complete graph Kp then

′c(Kp) = 

′(Kp):
Proof. If p is even then Kp is class 1. If p is odd then ′(Kp)= (p− 1)=2 and the graph has p′(Kp) edges. Therefore,

′c(Kp)¿p= (Kp) + 1 by Theorem 3.
In the next theorem we show that the circular chromatic index of the Petersen graph is smaller than its chromatic index.
Theorem 6. If G is the Petersen graph P then

′c(P) = (P) +
2
3
=
11
3
:
Proof. Fig. 2 shows an (11; 3)-edge coloring of the Petersen graph P that has been determined with the aid of a computer
(for the algorithm see [5, p. 209 ?]).
Since the Petersen graph P has size 15 and edge independence number ′(P) = 5 it suKces, according to Theorems 1
and 3, to prove that P does not have a (7; 2)-edge coloring to obtain 
′c(P)¿ 11=3.
Assume to the contrary that P has a (7; 2)-edge coloring. Let Si = {i; i+1}, 06 i6 5, and S6 = {0; 6} be sets of d=2
successive colors. Since 2|E(P)|=7 = 4 + 2=7 and ′(P) = 5 there must be at least two di?erent sets, say Si and Sj , such
that the sets Ei and Ej of independent edges which are colored by Si and Sj , respectively, have maximum cardinality 5.
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Fig. 1. A (2n + 1; n)-edge coloring of C2n+1.
Fig. 2. An (11; 3)-edge coloring of P.
Fig. 3. Graph induced by Ei ∪ Ej (3 possible cases).
There exist six di?erent maximum independent sets in P, namely one consisting of the 5ve ‘spokes’ and 5ve each
containing one spoke, two edges of the ‘outer’ 5-cycle and two edges of the ‘inner’ 5-cycle. Since every two of these six
independent sets have at least one edge in common it follows that Si ∩ Sj = ∅. Let j = i + 1 without loss of generality.
There are only three possibilities for the graph 〈Ei ∪ Ej〉 induced by Ei ∪ Ej , see Fig. 3 (solid lines indicate the edges of
Ei and dashed lines the edges of Ej).
Every edge of the graph 〈Ei ∪ Ej〉 is colored by i, i + 1, or i + 2. The edge which belongs to Ei and Ej = Ei+1 has
color i + 1 and the remaining edges of Ei are colored by color i and those of Ej by color i + 2, respectively. In every
case there are two adjacent edges uv and vw in P such that each of them is adjacent to edges that are colored by distinct
colors (see Fig. 3). Therefore, both edges uv and vw must be colored by one of the colors i + 4 and i + 5 (modulo 7)
which is impossible.
It would be an interesting task to characterize all class-2 graphs with the property that their circular chromatic index is
smaller than their chromatic index.
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